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Abstract 

The purpose of this paper is to formulate the Dirac-Born-Infeld (DBI) action in a frame- 
work of generalized geometry and clarify its symmetry. A D-brane is defined as a Dirac 
structure where scalar fields and gauge field arc treated on an equal footing in a static gauge. 
We derive generalized Lie derivatives corresponding to the diffcomorphism and B-field gauge 
transformations and show that the DBI action is invariant under non-linearly realized sym- 
metries for all types of diffeomorphisms and B-field gauge transformations. Consequently, 
we can interpret not only the scalar field but also the gauge field on the D-brane as the 
generalized Nambu-Goldstone boson. 
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1 Introduction 

It is known that the low-energy effective theory for a single D-brane in slowly varying ap- 
proximation is described by the Dirac-Born-Infeld (DBI) action. Although it is derived from 
the analysis of disk amplitudes in string worldsheet theory [TJ [2[ [3l 01 [5] , it is not obvious 
why such an action appears from the target space viewpoint. It is an interesting question 
whether the DBI action can be characterized from the geometrical set up and symmetry 
principle without referring to string theory. 

In the held theory, the spontaneous symmetry breaking and its non-linear realization is 
a powerful method to determine a low energy effective action. In the presence of an ex- 
tended object like a D-brane, the invariance under the Poincare transformation in the target 
Minkowski space is broken, and the scalar fields describing transverse displacements can 
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be identified as Nambu-Goldstone (NG) bosons [5J [7] for the broken translational symme- 
tries. The full Poincare group symmetry is then non-linearly realized on the scalar fields, 
and their effective theory is governed by the Nambu-Goto action with derivative corrections 

Ha us nam. 

Recently, this kind of argument is extended to include a U(l) gauge field on a D-brane. In 
|12j . the transformation law of the gauge fields under the full Poincare symmetry was found, 
and it was argued that the DBI action is the unique invariant term under the broken Lorentz 
symmetry in the lowest approximation. In [13] , this transformation law was explained using 
compensating diffeomorphisms to keep the static gauge, and it was shown that the gauge 
field is a covariant field under the broken Poincare symmetry. Thus, in their approach the 
gauge field does not appear as a NG boson and in this sense it does not explain why gauge 
fields should appear in the low energy theory. 

In this paper, we formulate the D-brane in the framework of the generalized geometry, we 
show that not only the scalar field but also the gauge field on the D-brane naturally appears 
as a NG boson, and the DBI action is characterized as a generalization of the Nambu-Goto 
action. 

The basic idea is quite simple. Since a T-duality transformation exchanges a scalar field 
and a component of a gauge field, we would expect that the latter should also be a NG 
boson for some broken symmetry. On the other hand, T-duality mixes the metric and the 
B-field in the bulk, as well as their associated symmetries (generalized isometry). Thus, 
these considerations suggest that a gauge field is a NG boson for a spontaneously broken 
gauge transformation for a B-field. To formulate an effective theory following this idea, we 
need an appropriate framework to incorporate the properties of T-duality together with the 
symmetry and its spontaneous breaking into a geometrical picture. The generalized geometry 
proposed by Hitchin provides such a framework |14j . 

The generalized geometry is a generalization of differential geometry, in which a pair 
consisting of a tangent and a cotangent bundle is regarded as a single generalized tangent 
bundle. As a result, vector fields and 1-forms are combined into generalized vector fields, 
where the Lie bracket of vector fields is generalized to the Courant bracket. Despite of the 
simplicity of the idea, this generalization unifies various distinct structures as follows: a 
generalized complex structure unifies both a complex structure and a symplectic structure, 
and a generalized Riemannian structure unifies a Riemannian metric and a B-field. These 
unifications are the reflection of the properties of the closed string and the T-duality in 
superstring theory. 

Several approaches have been proposed that describe D-branes in the framework of the 
generalized geometry [TSJ HH [T71 [TB] , (see also [19] . a nice review on this subject.). However, 
they are not sufficient for our purpose. Thus, we need to develop a formulation of D-branes 
in generalized geometry further, and that is another purpose of this paper. Here, we seek for 
a formulation where we do not need to impose any extra condition from string theory, like 
T-duality, by hand. In such a formulation, all these stringy informations should be built in 
the geometrical framework a priori. The advantage of such an approach shed some light on 
the properties of the effective theory as we see in the following. 

This paper is organized as follows. The first part of this paper is devoted to the geomet- 
rical formulation of the D-brane valid for arbitrary spacetimes, not restricted to Minkowski 
spacetime. After a preparation for some facts on the generalized geometry in section 2, we 
start with introducing a Dirac structure as a local description of a D-brane in section 3, where 
the gauge field and the scalar fields are treated on an equal footing. We emphasize that this 
structure characterizes a spacetime admitting D-branes independent of closed string struc- 
ture as a generalized Riemannian structure. Then we study the symmetry transformation of 
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Diff(M) k ^closed (M) associated with the generalized tangent bundle and its action on the 
Dirac structure in section 4. Using this formulation, we derive the non-linear transformation 
law for gauge and scalar fields in a purely geometric way. This non-linear transformation law 
will lead us to the interpretation of the gauge field as a Nambu-Goldstone boson for broken 
B-field gauge transformations. Restricting to the Poincare symmetry, our result coincides 
with the non-linear transformation found in |12j . 

Next, in addition to the Dirac structure, a generalized Riemannian structure is considered 
in section 5. By introducing the notion of the metric seen by the Dirac structure, remarkably, 
we obtain a Buscher-like rule of a generalized metric without using T-duality. 

In section 6, we study the invariance of the DBI action under the non-linear transforma- 
tion given in this paper. We also discuss how the DBI action is characterized by the full 
symmetry. By specializing to the Minkowski spacctime, this analysis also shows the differ- 
ence between broken translational symmetries and broken Lorentz symmetries, where the 
NG bosons appear associated only with the former. We also conclude that the gauge field is 
interpreted as a Nambu-Goldstone boson. 

2 Preliminary 

In this section, we briefly review basic facts on generalized geometry, proposed originally 
by Hitchin [H] and developed by Gualtieri [T3] and introduce notations used in this paper. 
Further details are found in [501 HD 122] ■ Review articles for physicists are for example in 

2.1 Generalized tangent bundle 

Let M be a smooth Z3-dimensional manifold corresponding to a target spacetime. A 
generalized tangent bundle over M, 

TM = TM © T*M (2.1) 

is a sum of the corresponding tangent bundle and cotangent bundle. We denote a section 
of a generalized bundle as a formal sum v + £ € T(TM), where v = v ai 8m £ T(TM) 
(M = 0, • • • , D - 1) is a vector field and £ = £ M dx M € T(T*M) is a differential 1-form. The 
space of sections, T(TM) is equipped with 

- an anchor map n : T(TM) — > T(TM), given by a projection onto vector fields 

n(v + 0=v, (2.2) 

- a fiberwise non-degenerate symmetric bilinear form (canonical inner product) 

+ + = ~M + *«0 = 5 (J J)(j), (2-3) 

- the Dorfman bracket 

[u + £, v + rj\ = [u, v] + C u r] - i v d(, (2.4) 

where the first term in the r.h.s. is the ordinary Lie bracket of vector fields, i u is an 
interior product , i.e. i u rj = u tjm and C u is the Lie derivative along a vector field u. 
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These structures (together with their compatibility conditions) make T(TM) a Courant 
algebroid [25, 26 . It is a natural generalization of the Lie algebroid structure on vector fields 
r(TM). We sometimes abbreviate the symbol T(TM) as TM in the following. 

Due to the canonical inner product (|2.3I) , the generalized tangent bundle has the structure 
group 0(D, D). A structure group GL(D) of TM is a subgroup of 0(D, D). 

Note that we work with the Dorfman bracket rather than the Courant bracket which is 
the anti-symmetrization of the Dorfman bracket. In the presence of closed 3-form (TJ-flux), 
it is known that the Courant algebroid structure is modified either by replacing the bracket 
by its H-twisted version, or by twisting the generalized tangent bundle glued by using B-field 
transformation (see below) in addition to diffcomorphism. In this paper, we will concentrate 
on the case of vanishing iJ-flux for simplicity, but it is possible to include an ii-flux. 

2.2 Symmetry of the Courant algebroid 

As the tangent bundle TM has the diffeomorphism Diff(M) as its symmetry, the gener- 
alized tangent bundle possesses the symmetry Diff(M) k 57^ loscd (M), a semi-direct product 
of the following two transformations: 

- Diff(M): For a diffeomorphism / : M — > M of the base manifold, 

/* 8 f*- 1 : TM -> TM, w + C^ /.(«)+. r _1 (0. ( 2 -5) 

is induced on TM, where /, : TM -> TM and /* : T*M -> T*M are a pushforward 
and a pullback, respectively. It is called a generalized pushforward and denoted by the 
same symbol /* = /*© 

- B-field transformation: For a closed 2- form B € fip losed (M), it is defined as 

e B : TM —> TM, u + £ \-> u + £ + i u B, (2.6) 

which shift a 1-form. 

It is shown that these two transformations form the automorphism group of the Courant 
algebroid (15) . The corresponding infinitesimal version, the derivation Der(TM), is generated 
by a pair of a vector field and a 2-form (X, B) E TM®A 2 T*M. A generalized Lie derivative 
£(X,B) acting on TM is defined as [2"T] 

£ {x ,B)(u + 0=£x(u + 0+iuB, (2.7) 

where Cx is the ordinary Lie derivative. Note that if B = —dA is an exact 2-form written 
by a 1-form A, the above generalized Lie derivative reduces to the Dorfman bracket. We 
denote this case by £(x.-d\){ u + — £x+a(u + £) = [X + A, u + £]. Thus, the Dorfman 
bracket (|2.4I) is a sum of an ordinary Lie derivative (first two terms) and a NS-NS B-field 
gauge transformation (last term). 



2.3 Dirac structure 

A skew-symmetry is failure in the Dorfman bracket due to the second and third terms of 
(|2.4p . We can find a subbundle in which the Dorfman bracket becomes the Lie bracket. 
A Dirac structure [5S] is defined as a subbundle L C TM of rank D such that 

- isotropic: L is self-orthogonal L = L , i.e. (a, b) = for v a, b G T(L) 
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- involutive: L is closed under the Dorfman bracket, i.e. [a, b] € for v a, b £ L(L). 

Obviously, a Dirac subbundle L has the structure of a Lie algebroid, where the anchor map 
p : L — > TM is p = it o l with u being the inclusion of L into TM. For a general theory of 
Lie algebroid, see [55]. The simplest examples of Dirac structures are TM with p — id. and 
T*M with p = 0. It is known that any Lie algebroid defines a (singular) foliation. 

Note that if both a subbundle L c TM and its dual bundle L* are Dirac structures 
and the generalized tangent bundle TM splits as TM = L © L* , it is called a generalized 
product structure [161 119) . Historically, the notion of Courant algebroid, given in [2 6) with 
its primary example, is a Lie bialgebroid A© A* given by a pair of Lie algebroids A and A*. 

A more familiar structure is a generalized complex structure, where a subbundle and its 
dual belong to the complexified generalized tangent bundle T C M, but we do not use it in 
this article. 

2.4 Generalized Riemannian structure 

A generalized Riemannian structure (generalized metric) is defined as a positive definite 
subbundle C+ C TM of rank D of the generalized tangent bundle, i.e., the canonical inner 
product restricted to C + is positive definite, (A, A) > for all non-zero sections A e F(C + ). 
By defining CL as the orthogonal complement of C+, which is a negative definite subbundle, 
the generalized tangent bundle splits as TM = C+ © C_ . Thus specifying the generalized 
metric C+ is equivalent to a reduction of the structure group from 0(D, D) to 0{D) x O(D). 

Since C+ n T*M = {0}, the generalized metric can be also written as the graph of the 
map E = g + B : TM -> T*M, namely C+ is written as 

C+ = {V+ =v + {g + B){v) | v G TM}, (2.8) 

where g is an ordinary Riemannian metric and B is a two-form identified as a NS-NS B-field. 
Indeed, one has = g(v,v') and C+ is positive definite, i.e., the canonical inner 

product restricted to C+ defines an ordinary Riemannian structure. Correspondingly, the 
negative-definite subbundle C_ is given by the graph of the map — g + B as 

C- = {V- = v + {-g + B){v) | v £ TM}. (2.9) 

The generalized Riemannian structure is also specified by a self-adjoint orthogonal endo- 
morphism G : TM -> TM such that G 2 = G T G = 1 and (A, GA) > for all A ^ £ F(TM). 
Then, the subbundles C± are expressed as the ±l-eigenspaces of G, i.e. C± — Ker(l =p G). 
Solving the eigenvalue equation 

GV± = ±V± (2.10) 
for V± £ r(C±) given in (|2.8[) . (|2.9p . the generalized metric G is given by 

as a matrix of a map L(TM © T*M) -> T(TM © T*M). 

As we have seen, there are various ways to characterize a generalized Riemannian struc- 
ture, that are mathematically equivalent. However, physically it is not apparent which part 
of the generalized metric such as g, g — Bg _1 B, or G should be used in a Lagrangian or a 
Hamiltonian of the effective theory. In a first quantized string, or in the double field theory 
[29], G plays a primary role. In this paper, after studying D-branes without imposing this 
structure, we give another way to describe a generalized metric suitable for D-branes. 
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3 D-branes as Dirac structures 



In this section, we describe a D-brane as a Dirac structure, in which the scalar fields and 
a gauge field on the D-brane are treated on an equal footing. 

Starting with a conventional description of a D-brane as an embedding of a worldvolume 
into a target spacetime, we rewrite it as a leaf of a foliation of that spacetime. This description 
is easily generalized to incorporate a gauge field by using a diffeomorphism and a B-field gauge 
transformation. We will see that this process can be also understood as a construction using 
a generalized connection. 

3.1 Embedding of a D-brane and foliations 

Let us first describe the conventional picture for a D-brane. A worldvolume £ of a Dp- 
brane is a (p + l)-dimensional manifold embedded into a Z?-dimensional target space M by 
a map ip : E M. In addition, a D-brane is associated with a complex line bundle V —¥ £ 
with a connection. The possible embedding maps and the possible choices of connections 
are regarded as the dynamical degrees of freedom associated to a D-brane. Here we focus on 
embedding maps and reformulate them in a form such that the relation to the generalized 
geometry is apparent. 

Here, we take the worldvolume E = R p+1 and a target space M = R D as Euclidean 
spaces for simplicity, but our argument is applicable to any curved manifold if we consider 
its local structure. 

Let us recall the notion of the static gauge in some detail. For given coordinates a a 
(a = 0, • • • ,p) on a worldvolume £ and x M (M — 0, ■ ■ ■ D — 1) on a target space M, a map 
ip : E » M is specified by D functions x M (a) on E. Among them, we fix a reference map 
<p as (x a (a), x l {a)) = (a a , 0) (a = 0, ■ • • ,p, i = p + 1, • • • ,D — 1) such that the submanifold 
</?(£) is a hypersurface in M represented by x % = 0, which is called the static gaug e0. This 
enables us to identify the coordinates of the worldvolume E and the embedded submanifold 
</?(£), i.e., x a — a a . Note that the map ip induces a pushforward (dp) p : T p E — > T V ^M on 
corresponding tangent spaces. A vector v a d/da a € T p E at a point p £ E also maps to a 
vector v a d a & T v u\M at cp € M with abbreviation <9 a = d/dx a . 

A D-brane can fluctuate around a fixed configuration. In the static gauge, such dynamical 
degrees of freedom are transverse displacements represented by scalar fields $ l (cr) on the 
worldvolume E. They give a new embedding map 

^:S4M, {x a (a),x l (a)) = (a a ,&(a)). (3.1) 

It is equivalent to a new hypersurface x l — & l (x a ) in M. Similarly, its pushforward is 

(d¥>»)„ : T p £ -> r w(p) M, t/ 1 ^ i— > v a (d a + 8 a &d t ). (3.2) 

The scalar fields determine both the position of the D-brane as well as the basis of tangent 
vectors. 

We would like to rewrite these settings purely on the target space M, without recourse 
to the worldvolume E. For this, it is useful to think of a foliation of the target space M, by 
considering infinitely many copies of submanifolds simultaneously (see FigfT]). A submanifold 

4 Note that it is always possible locally for any manifold M: For a point on a submanifold p £ p{^), one can 
choose a open cover {U a } of M and local coordinates x M such that <p{S) n U a is represented by (x a ,x' = 0) in 
the neighborhood of p. Then, by using a diffeomorphism on the worldvolume E, we can choose coordinates a a on 
E as a a = x a . 



7 




Figure 1: Schematic picture of the foliated structure, where a D-brane 
is identified with a certain leaf. 



(f(Ti) ~ £ wrapped by a D-brane is considered as a leaf of this foliation. It is equivalent to 
specify a subbundlc A C TM over M, where A = {v a (x)d a } is a set of vector field tangent 
to leaf direction^]. Its restriction to a particular leaf is A|s = TY,. For this we demand that 
the global existence of the foliation structure, which is equivalent to the condition that the 
submanifold £ is a leaf of the foliation and is an integrable submanifold of M . In the case 
of the Minkowski spacetime, this assumption is valid for any point p. Similarly, the map (/3$ 
defines another foliation on M. 

Now the change of embedding caused by the scalar fields is written in the target space M, 
without recourse to the worldvolume S. Let $ = $ l (x a )di £ TM be a vector field defined 
on the whole target space M, whose coefficient functions are x l -independenfl It generates 
a diffcomorphism as a Lie derivative — £$. Its action on the subbundlc A is 

e- c *v a {x\x l )d a = v a (x a ,x i - &{x a )){d a + d a ^%), (3.3) 

which relates two subbundles A = span{<9 a } and e~ £ *A = span{<9 + da^'c^jQ 

In summary, a D-brane is described as a leaf of a foliation, and a transverse fluctuation 
of a D-brane corresponds to a deformation of the foliation. Fhis target space picture of 
D-branes is easily extended in terms of generalized geometry to include gauge fields as we 
will see next. 

3.2 Generalized embedding and Dirac structure 

Here we extend the previous formulation of D-brane to the framework of generalized geom- 
etry. Given a target space M with its local coordinates (x a ,x l ) and its generalized tangent 
bundle TM, let us define a subbundle L — span{<9 a , dx 1 } C TM over M. A section has the 

5 (dip) p is extended to a pushforward of vector fields : TE — > TM\ v (y.), when restricted on the submanifold, 
but it is not defined on the whole M. 

6 We sometimes call a vector field $ = made out of scalar fields $ l as "scalar fields". This terminology 
originates form the viewpoint of the worldvolume E. Do not confuse ! 

7 Note the minus sign in the argument. If v a (x a ,x') is a function on M peaked at x % — 0, v a (x a ,x' — $'(x a )) 
has a peak at x 1 = $'(a; a ). 
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Figure 2: Fluctuations can be described by using a diffeomorphism 
generated by a vector field denned by the scalar field 3>\ 



form 

Vjj = v a (x)d a + ^i(x)dx i eL. (3.4) 

It is a generalization of a subbundle A C TM as L = A © Ann(A), where Ami(A) C T*M 
denotes an annihilator of A in TM@. The sections of the dual bundle L* = span{<9;, dx a } — 
Ann(A)* © A* have the form 

V L , = v i (x)d i + Ux)dx a e L*. (3.5) 

It is easy to show that both subbundles L and L* are Dirac structures and they define a 
generalized product structure TM ®T*M — L © L*. 

Conversely, a generalized product structure TM © T*M — L © L* is a structure added 
on the target space that admit a D-brane as a leaf of a foliation [TB][T5]. The subbundle 
L plays the role of the static gauge, as we have discussed. Our proposal in this paper is 
that all the geometric information realized on a D-brane is seen by this Dirac structure L. 
To demonstrate this proposal, we will consider the fluctuations on the D-brane A a ), 
non-linearly realized symmetries and a metric seen by D-brane and show that they can be 
characterized geometrically by using the notion of the Dirac structure. 

The fluctuations are also incorporated into our formulation as follows. We can combine 
the scalar fields $ = § l (x a )di and the one-form gauge field A = A a (x a )dx a into a generalized 
vector $ + A € L*. We assume here that their coefficient functions are a; l -independcnt. It 
is then natural to consider a generalized Lie derivative £$+a for a diffeomorphism and a 
B- field gauge transformation. By acting it on L, we have another subbundle Ljr 

L r = e - £ *+ A L C TM, (3.6) 

with its sections having the form 

V = v a (x){d a + d a <S> l d l +F ab dx b ) + &{x)(dx l - d a &dx a ), (3.7) 

where F a t = d a Ab — dbA a . Here J- in our notation Ljr denotes a generalized field strength 
corresponding to a generalized vector $ + A. (see the next subsection.) 

Ann(A) := {£ G r(T*M)\VV G F(A), <£, V) = 0}. 
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It is straightforward to verify that Lj- is a Dirac structure, by using the Bianchi identity 
dF = 0. We will also show that the dual L* remains unchanged under this operation. Their 
sum reproduces the total space of the generalized tangent bundle, Ljr ® L* = TAI, so that 
the generalized product structure is intact. Therefore, fluctuations $ + A can be regarded 
as a deformation of a generalized product structure. 

A Dirac structure is automatically a Lie algebroid. For our Ljr, its structure is specified 
by the basis e a ■= d a + d a $ l di + F ao dx b and e l := dx % — d a ® l dx a as 

p(e a ) = d a + d a &di, P (e i ) = 0, (3.8) 
[e a ,e b ] = [e a ,e l ] = [e'.e*] = 0, (3.9) 

where the bracket of the generalized vectors is understood to be the Dorfman bracket. Note 
that this Lie bracket relation is the same as that of L where the fluctuations are absent 
($ + A = 0). This is a special kind of Lie algebroid with vanishing structure functions, 
which means that a deformed leaf of Ljr is still an integrable submanifold. In this case, the 
basis of the Lie algebroid can be represented by a coordinate basis. Namely, if we define new 
coordinates y a = x a and y % — x % — $ l (x a ), where the D-brane is specified by y z = 0, then 
the basis of the algebroid can be written by 

^ := d a = d a + da&di, dtf = dx l - d$\ (3.10) 

At each point p € M, the former span the directions along a leaf of Ljr, while the latter span 
the directions normal to a leaf in T*M. See fig [3] 

We close this section with a remark. In a general target space M and its covering {U a }, 
$ + A may be defined only locally on each open set U a . They may be globally non-trivial, 
and we need to glue them in the overlapping region of an open covering. 

3.3 Generalized connections 

Here we show that the combination A + $ e L* can also be regarded as a generalization 
of a connection 1-form. Given a Lie algebroid L, one can formulate a differential calculus 
(T(A*L*), (f r.)[26j. In our case, the exterior differential is locally written as di, — dx a d a - For 
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a complex line bundle V — > M , which is a L-module, a generalized connection I? on a vector 
bundle V is defined as a linear map 

V :T{V) ^Y{V ® L*), (3.11) 

which satisfies the Leibniz rule V(sf) = V(s)f + s <g) (d/,/) for v s e r(V) and v / € C°°(M). 

Let 2? = c?l + A + $ be such a generalized connection (it is possible because A + & £ L*). 
In particular, directional derivatives along basis d a and dx l in L(L), we have 

V a = V da =d a +A ai (3.12) 
2? 1 = V dxi =$\ (3.13) 

A generalized field strength is defined for V, W £ T(L) as (note [V, W] = 0) 

T(V,W) = [D V ,V W }-V [V:W] . (3.14) 

Then we have 

T ab = F ab = d a A b - d b A ai Fj = d a &, F b = -d b &, F ji =0. (3.15) 
or equivalently, 

F = ^F ab dx a Adx b + d a 1> l dx a Ad, € T(A 2 L*). (3.16) 

With this field strength, the Dirac structure Ljr in (|3.6[) is now written as a graph of the 
map F : L — » L*, that is, Ljr = {V^ + -^(V^) | V £ L}. In fact, a section for this graph is 
written for V € L as 

+ .F(V) = v a (x)(d a + da&d, + F ab dx b ) + ^(x)(dx l - d a &dx a ) e T{L F ), (3.17) 

which coincides with p. 71) . Note that the dual L* is invariant under this deformation, i.e., 
L*jr = L* , since F(L*) = 0. As is clear from this construction, the gauge field A is actually a 
J7(l)-connection on leaves defined by L, and there is a C/(l) gauge symmetry A — > A + d^X, 
which leads to the same Dirac structure Ljr. By pulling-back this to a leaf, it is identified as 
a gauge field on a D-brane. On the other hand, the scalar field $ is a connection that lifts a 
curve in a leaf of L to a curve in a leaf of Lj:. 

This is another construction of a Dirac structure, referred to as a deformation of Dirac 
structures. In general, for an arbitrary Lie algebroid L and a tensor T £ T(A 2 L*), the 
condition that a graph Ljr = {V + J-(L) \ V £ L} is a Dirac structure of a Courant algebroid 
L © L* has been already obtained in [26] by d^T + \ [J- , J-] — 0, where the second term 
is a Schouten bracket in T{A'L*). It turns out that our assumption that A a and 4> l are 
^-independent is too restrictive to define a possible Dirac structure, and can be relaxed. 
For an arbitrary fluctuation $ + A, it reduces to two conditions di(d a Q l ) — and d a F bc + 
d b F ca + d c F ab — 0, proved in the appendix IA.1I Our analysis in the following sections is 
valid for $ + A satisfying these two conditions. Note also that this construction is globally 
well-defined for any manifold M as opposed to our previous description by Lie derivative, 
Ljr = e _£ *+ i L, where $ + A is locally defined. For Ljr to be globally defined by this 
description, we need to glue the local generalized vectors $ + A on an overlapping region by 
a diffeomorphism and a U(l) gauge transformation. As a result, any Dirac structure in TM 
has the form of a B-field transformation of a foliation L = A$ Ann(A$) as Lp = e F L 

Here A$ = span{<9 a }. 
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In summary, a spacetime which admits a D-brane is characterized by a Dirac structure 
L, and the fluctuation on a D-brane is regarded as a deformation Ljr. We can formulate 
this deformation either by an action of a generalized Lie derivative or by a graph of a 
generalized curvature. This shows the symmetric role of scalar (embedding) and gauge fields 
(connection). In any case, it defines a possible "shape" of a D-brane in the target space. A 
choice of a leaf corresponds to the spontaneously symmetry breaking, that we will elaborate 
on next. 



4 Symmetry for Dirac structures 

In this section, we study the role of the symmetry of the target space for a Dirac structure Ljf 
corresponding to a D-brane, in terms of generalized geometry. We clarify the structure for 
the hierarchy of spontaneous symmetry breakings accompanied by the foliation preserving 
and leaf preserving diffeomorphism and its generalization. Then we obtain the non-linear 
transformation law for scalar and gauge fields for broken symmetries. 



4.1 Symmetry preserved by a Dirac structure 

The symmetry group of a generalized tangent bundle TM is Diff(M) k 0^ losed (M), a semi- 
direct product of diffcomorphisms and B-ficld transformations. Since the closed 2-form is 
exact and in our case M = R D , a B-field transformation reduces to a gauge transformation. 
Thus, an infinitesimal transformation is labeled by the combination e + A e TM of a vector 
field and a 1-form, and it acts as a generalized Lie derivative — £ e +A on the generalized 
tangent bundle TM. Note that an exact 1-form A = dX does not generate the transformation 
of any symmetry. In the following, it is also useful to decompose it w.r.t the generalized 
product structure TM = L ® L* as 



e = e,| +e ± =e M 8 M =e a d a + e% 
A = A ± + A,, = A M dx M = A l dx i + A a dx a . 

Note that e\\ + Aj_ e L and e ± + A|| G L* . 

We would like to find a subgroup of Diff(M) k Closed (-^0 * na * preserves L. i.e., e + A 
that satisfies L — £ e +\L = L. Thus we need the action of a generalized Lie derivative £ e +\ 
on a Dirac structure L. For a section of the Dirac structure L, 

V = v a (x)d a +Z i (x)dx i €T(L), (4.2) 

the action of the generalized Lie derivative is obtained as 

C t+A V = (e M d M v a - v»d b e a )d a + (e M d M & + tjd^ - v b d [b A l} )dx l 



v^be'di + {^d a e j - v b d [b A a] )dx a . 



(4.3) 



From this result, we observe that C e .. + \ ± V always lies in L, that is a consequence that L is 
involutive. On the other hand, C e±+ A«V produces in general a L*-component. It keeps an 
element of L, iff d b e l = and 9[ b A a j = 0. 

The diffeomorphisms generated by (e a ,e l ) with d b e l — arc nothing but the foliation 
preserving diffcomorphisms, which we denote Fdiff(M, L). They map a leaf to another leaf 
while preserving the foliation L. Therefore, assuming a Dirac structure on a target space 
that admits a D-brane, breaks the symmetry from Diff(M) to Fdiff(M, L). To preserve 
both L and L* of the generalized product structure L L* , another condition c^e" = is 
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necessary. Note that Fdiff (M, L) includes a global symmetry of the transverse displacement 
of leaves generated by e l — const. Specifying a particular leaf L p at p £ M as a D-brane 
corresponds to the spontaneous symmetry breaking of this symmetry. The scalar fields $ J are 
the corresponding NG-bosons. In this case, Diff (M) is broken to a diffeomorphism preserving 
the leaf L p , which we denote LDiff(M, L r 1*"l. and it is specified by a condition €±\l p = 0. 

B-field gauge transformations are accompanied by this structure of diffeomorphisms. 
Fdiff (M, L) is paired with gauge transformations that are generated by (Aj , A a ) with d[ b A a ^ 
(). or cquivalently d L k\\ = 0. Note that A|| e L* so that dz,A|| G A 2 L*. Therefore, 
this condition says that the deformation of L by a tensor dz,A|| does not change L, i.e., 
L + (d^A||)(L) = L. (On the other hand, Ljr = L + F(L) is a true deformation.) In par- 
ticular, the transformation by a constant A a is a global gauge transformation, and a gauge 
field A a can be considered as a NG-boson corresponding to this symmetry. This will become 
more apparent after deriving the non-linear transformation laws for scalar and gauge fields 
in the next section. Note also that in the presence of the gauge field, hidden transformations 
by exact 1-forms A = dX become visible as a U(l) gauge symmetry. 

4.2 Non-linear transformation law 

Here, we derive a non-linear transformation law for scalar and gauge fields <& + A under 
the diffeomorphism and the B-field gauge transformations. The strategy is as follows. In 
general, Diff (M) x f^ losed (M) is a Courant automorphism and it is guaranteed that a Dirac 
structure is mapped to another Dirac structure. On the other hand, any Dirac structure can 
be written as a graph such as Ljr = L + J~(L). Combining these, a Dirac structure Ljr is 
mapped to another Dirac structure Ljr, . This determines a transformation law for the tensor 
T. 

We derive the formula in a slightly more general context, since in the next section it is 
also used when we consider a generalized metric. See also the appendix IA. 21 for details. Let 
T € T(L* ® L*) be a tensor and define a graph Lt = L + T(L), which need not be a Dirac 
structure. On a section V + T(V) € Lt with V € L, consider an action of a generalized Lie 
derivative £ e +A and rewrite it in the form (See FigUJ) 

-C e+A (V + T{V)) = -C e+A V - C e+A (T(V)) 

j , (4.4) 
d = SV + T{SV) + {ST)(V). 

Here SV £ L denotes the horizontal shift determined by projecting the transformed section 
to the L-direction. Thus, the first two terms in (|4.4I) represent a shift along Lt, and the 
remaining part denoted by ST £ T(L* £§) L*) gives a net deformation of the graph Lt- The 
combination T' = T + ST is the desired tensor giving the transformed graph Lt> ■ 

Note that for a Dirac structure Ljr, we can also derive the same formula by noting that 
Ljr = e~ c<s > +A L. In this case, the calculation reduces to a commutator [£ £ +a, £$-mJ. 

From the result (|A.14I) . we read off in the case of our Dirac structure Ljr: 

ST ab = -e M d M Tah - d a e c F cb - T ac d b e c - d [a A k] T k b + T a k d [k A b] (4.5a) 

- F a k d k e c F ch + T ac d k t c T\ - T k d {k A lA T\ + d [a A b] , 
SI 'J = -SP a = -e M d M Fj - d a e c I c i + F a k d k e j - T a k d k e c Tj + d a e\ (4.5b) 

10 It is not a subgroup of Fdiff (M,L) in general. There is another notion of a leaf preserving diffeomorphism, 
which is a subgroup of Fdiff(M, L) generated by e a (e l — 0) that maps each leaf to itself. But it is too restrictive 
as a condition to keep a single leaf. 
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Figure 4: The definition of the non- linear transformation ST of the tensor T defining 
the C+, and of the tensor T defining Ljf. They are defined by the deviation from 
a section given by the image of V + 8V G L. 



or equivalently, 

5?ab = (d [a + F [a J d 3 )(A b] - e c T cb] - K k T k b] ) - (e k - e c T k )d k T ab , (4.6a) 

5FJ = (d a + T a - e c F/) - (e k - e c F k )8 k Fj. (4.6b) 

When we evaluate them on the leaf of x l = <I> 1 , using (|3.15[) . they correspond to the 
transformation law for a gauge field and scalar fields as 

6A a = A - e c F ca + A k d a ^ k , (4.7a) 
= e 1 - e c d c <S>\ (4.7b) 

Here the terms including e c and represent unbroken symmetry, the ordinary diffcomor- 
phism along leaves (worldvolume) and the unbroken B-field gauge transformation induced 
on a leaf These transformations of unbroken symmetry are linear in the fields A a and 
$ l , as desired. On the other hand, the first term in each line is inhomogeneous in the fields, 
and it corresponds to the generators of broken symmetry. As we have discussed, the scalar 
fields <i> 1 is a NG-boson for the global displacement, and the formula above is exactly the 
non-linearly realized transformation law for a NG-boson. In the same way, we conclude that 
a gauge field is a NG-boson for a broken global B-field gauge transformation. 

Note that these transformation laws are the extension of non-linearly realized Poincare 
symmetry in [T21 [T5] . They derived the formula in the context of a field theory on a world- 
volume S and a compensating diffeomorphism. We reproduce and extend their result in 
purely geometric terms. In particular, it becomes possible to treat a gauge field in a same 
way as scalar fields, since a gauge field is also cast into a geometry. 

5 Adding generalized metric 

In the previous section, we analyzed the geometrical structure which is associated with a 
D-brane and the open strings from the physical point of view. Independently, there is a 
generalized Riemannian structure coming from the closed strings, as reviewed in §2. In this 
section, we consider both structures. 

x The term —e c F ca is rewritten as a ordinary tensor transformation by using a (7(1) gauge transformation 

A a ^f A a - d a {e C A c ). 



14 



5.1 Generalized metric seen by a D-brane 

Recall that a generalized metric is given by a graph C+ = {X + (g + B)(X) \ X E TM} . The 
main observation here is that the same argument is applied not only TM but also any other 
Dirac structure L. This is possible because its dual Dirac structure L* is also isotropic and 
the intersection L*nC+ is the zero section only. Thus, the generalized Riemannian structure 
is always written by a graph C + = {V + t(V) | V G L} of some appropriate tensor t G A 2 L* 
viewed as a map t : L — > L*. 

In our case, given a Dirac structure L, a section of C+ is thus written as 

V+ = v a (d a + tjdj + t ab dx b ) + tibdx* + t\dx b + t ij dj) G r(c+). (5.1) 

Since (|5.1|) and (|2.8p are the expression of the same element in C+, they should be identified. 
This determines the tensor t G A 2 L*, and we find the relations (for a proof, see i]A.3|) 

t ij =E ij , tJ = -E ak E kj , 

u ( 5 - 2 ) 

T?lk TP ± TP TP Tpril rp 

1 b — & ^kb, t a b — &ab — &ak& &lb- 

where EP % is the inverse of Eji, satisfying E^Eji = 5f. 

These relations (|5.2[) are similar to the Buscher rule [30l[3T], i.e., the T-duality rule for a 
background field E = g + B. However, this is not exactly a T-duality, since a T-duality is in 
general a map between two different spacetimes, and is an operation which exchanges a basis 
of vector fields and a basis of 1-forms [351 [331 GH] ■ This means that the rule of exchanging 
upper and lower indices lies at the heart of the T-duality rulcOf]. On the other hand, (|5.2p 
shows that the mixing of a metric g and a B-field B is already seen without T-duality. 

This observation sheds some light on the question raised in §2. There are at least three 
kinds of symmetric tensors g, g — Bg~ x B and g^ 1 that appear in a generalized Riemannian 
structure. The first one is a positive definite metric defined on a graph u+ (g + B)(u) G C+, 
which originates from closed strings. The others appear in the off-diagonal elements of G in 
(|2.11[) . Here g — Bg~ 1 B is the restriction of G to TM, but TM is an example of a Dirac 
structure, corresponding to a D9-brane in the case of 10-dimensional spacetime M = M 10 . 
Similarly, g _1 is the restriction to T*M, which is the Dirac structure corresponding to a 
D-instanton. This suggests that the latter two symmetric tensors are closely related to open 
stringj^l 

Coming back to our situation, let us write an endomorphism G in (|2.1ip as a matrix in 
the basis of L © L*. By solving the eigenvalue equation (|2.10[) . we get 

G=( ~ S ~^ , (5.3) 

V s — as a as J 

where s and a are symmetric and anti-symmetric parts of the tensor t — s + a. By restricting 
it to L, we obtain s — as~ 1 a, which is a candidate of the metric seen by a D-brane without 
fluctuations. 

The inclusion of the fluctuations is straightforward in this picture by using the generalized 
field strength J- . Suppose that the generalized metric C+ is seen by a Dirac structure 

12 The lowering of the indices i and j in (|5.2p to form a tensor tMN (i.e., t G T(A 2 T*M) for the T-dual manifold 
M). 

13 It is interesting that g — Bg^ 1 B is the symmetric part of (g + B)^ 1 , which is already referred to as the "open 
string metric" in the literature. 
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Ljr = L + F{L) through a tensor tjr £ L* ®L*. That is, C + = Ljr + tjr(Ljr). Then a section 
of C+ is written for V € L, 

v + J-(y) + t^(v + = v + (tjr + (5.4) 

where we have used the fact that tjrF{V) = since T(V) 6 L* . The vector in eq. (|5.4[) 
should be identified with V + t(V), thus we have tjr = t — J 7 . Therefore, a generalized 
field strength on a D-brane always appears as a shift of the tensor t when considering a 
generalized Riemannian structure. This is also true when we write G as a matrix of a map 
Ljr © L*jr -> Ljr © i^, that is, 

/ -s- l {a-F) s~ l \ . . 

U_ [s-ia-J^s-^a- F) (a-F) S - 1 )- ^ 

By restriction of G to Ljr, the metric on Ljr is given by 

sjp d = s~(a~ T)s-\a - F) € L(L* © L*), (5.6) 

where the curvature J 7 appears as a shift of the anti-symmetric part a € A 2 L* of the gener- 
alized Riemannian structure. This fact plays a central role when considering the DBI action 
in §6. 



5.2 Symmetry transformations of generalized metric 

Before proceeding the discussion, we study the effect of the symmetry Diff(Af) k Closed (-^0 
on a generalized Riemannian structure C+ C TM. 

Recall that a metric g and a B-field B are dynamical fields of a rank 2 tensor in the target 
space M . That is, an infinitesimal transformation of E = g + B is given as SE = —£ e+A E 
by an action of a generalized Lie derivative, in components, as 

5E MN = ~e L d L E MN - d M e L E LN - E ML d N e L + d [M A N] . (5.7) 

On the other hand, a generalized metric C+ is also defined as a graph of t : L — > L* . Then, 
an action of a generalized Lie derivative £ e +A on C+ reduces to a non-linear transformation 
for the tensor t € T(L* ® L*) as argued in ^4. 21 The result is (replace T with t given in 
JSH) 

Stab = -e M d M t a b - d a e c t cb - t ac d b e c + d [k A a] t k b + t k d [k A b] 

- t a k d k e c t cb + t ac d k e c t\ - t a k d [k k l] t\ + d [a A b] , (5.8a) 
StJ = -e M d M tJ - d a e% j + t k d k e j + d [k A a] t kj 

- t k d k e c tj + t ac d k e c t k i - t k d [k A t] t l i + dj, (5.8b) 
6t\ = -e M d M t\ + d k e l t\ - t\d b e c + t lk 8 [k A b] 

- f k d k e c t cb + t\d k e c t\ - ? k d [k A l] t\ - d b e l , (5.8c) 
St*i = -e M d M t ij + d k eH kj + f h d k e j 

- t ik d k e% j + f c d k e c t k > - t* fe %A^. (5.8d) 

At first sight, it is unexpected that such a non-linear law appears. However, it is consistent 
with the tensor rule (|5.7p above. In fact, the following diagram is shown to be commutative 
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(see appendix IA.4I for detail): 



(5.9) 



t 1 + St 

e+A 

Here the vertical arrow represents the map given by the relation (|5.2p . The appearance of the 
inhomogeneous terms in 5t is simply due to the fixing of a Dirac structure L as a reference 
frame, where the transformation of L itself is absorbed into that of a tensor t. Therefore, 
such a inhomogeneous law is a general feature valid for any tensor in a target space. 

By combining two results (|4.5p and (|5.8|) . the transformation law for a combination 
tjr = t — J- is obtained: 

St^ab = dMtf ab - d a e c tjr cb - tjr ac d b e c + d[ k A a ]tjr k b + tjr k d[ k A b ] 

- t a k d k e c t cb + t ac d k e c t\ - t k d [k A t] t l b (5.10a) 
+ Fa^k^Fcb - Facdk^F b + ^^d^A^T^, 

*W = -e M d M trj - d a e c tr c j + t F k d k e' + d [k A a] t^ 

- t a k d k e c tj + t ac 8 k e c t k] - C3 [fe A ;] ^ + T k d k e c T c \ (5.10b) 
bt T \ = -e M d M t^ b + d k e^\ - t T \d b e c + t F lk d [k A b] 

- f k d k e c t cb + t\d k e c t\ - t'^fcAqt'j + F k d k e c T cb , (5.10c) 
>I/ J = -e M 3 M t/ j + d k eH^ + I j 

- i lk d k e c t c 3 + t\d k e c t kl - t ik d [k A l} t lj , (5.10d) 

Remarkably, inhomogeneous terms d b e l and d[ b A a ] in (|4.5[) and (|5.8[) cancel each other, and 
do not appear in the combination tjr = t — T . This is because tjr represents a difference 
between C+ and Ljr 1 which is independent of the fixed frame L. This will be ultimately 
related to a similar kind of cancellation found in [12] for the case of a non-linearly realized 
Poincare transformation, where it comes only from J 7 . Here we emphasize that the appear- 
ance of a combination tjr = t — T and a cancellation of inhomogeneous terms have geometric 
explanations. 



6 Dirac-Born-Infeld action 

So far we have studied the characterization and symmetry of D-brane and its fluctuations 
form a target space viewpoint in the framework of the generalized geometry. In this section, 
we focus on a field theory on a D-brane worldvolume S. In particular, we study the DBI 
action. First, we give a simple proof of the invariance of the DBI action under the non-linear 
realized spacetime symmetries. In the successive section, we show how to construct the DBI 
action merely from the knowledge of the geometrical information and the symmetry without 
referring to the string. 

6.1 Invariance of Dirac-Born-Infeld Action 

First we give here the proof that the DBI action has a symmetry under the transformation 
given in (|4.7p of full Diff (M) X f2;? loscd (M) transformation. This can be proven by representing 
the DBI action as a product of the determinants of the two types of metrics which we found 
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in the analysis of the generalized Riemannian structure in the previous section. As we see, 
their transformation under the generalized Lie derivative has a rather simple form. 
We first prove the following relation: 



det^det^ =y detfo$(s + B) — F) ab . (6.1) 

where g is the Riemannian metric on TM, i.e., g £ T*M ® T*M and sjr is the metric on 
Ljr, i.e., sjr € L*jr ® I/J- given in (|5.6|) . is the pullback of the embedding map defined 
by the field (p$ : £ AiT^l. Thus determinants on the l.h.s. are those of the D x D 
matrices, while the determinant on the r.h.s. is that of the (p+1) x (p+ I) matrix which is 
distinguished by the index ab. The r.h.s. of (|6.1I) is the Lagrangian £dbi of the DBI action. 
This equation can be proven by combining the following relations of various determinants. 

1. Let s be the symmetric part of t defined in ea. (|5.2|) and = E i3 the inverse matrix of 
Eij, then 

dets = det 5 (deti^) 2 . (6.2) 



2. From the definition (|5.6p of sj:, 

det s det s? = (det t T f . (6.3) 

3. Using the explicit expression for ijF, 

dettjr = deit ij de%|(.g + B ) ~ F ) a b ■ (6.4) 



The derivation of these relations are given in the appendix IA.6I Using these relations it is 
straightforward to prove the representation of the DBI action given in eq. (|6.ip : 

ii 1 ii 

det 4 g det 4 sjr = = det 4 s det 4 sjr 

Vdet t l i 

= - 1 x/det^ (6.5) 
Vdet W 

det(ip%(E) - F) ab . 

Here we have used (|6.2p in the first equality, (|6.3[) in the second equality, and (|6.4D for the 
last step. 

The integral of this scalar density (I6.1[) agrees with the DBI action 



■S'dbi = 



y / det(^(.g + B)- F) ab dx° A • • • A dx p , (6.6) 



when evaluated on the leaf t^$(E) of Ljr at x l — Q l (x). Apparently, the DBI action is 
invariant under the worldvolume diffeomorphism on the D-brane. 

Now we can prove that the DBI action is not only invariant under the world volume 
diffeomorphism but also under the full target space diffeomorphism and the B-field gauge 
transformation. To this end, we rewrite (|6.6p as an integral over the target space M as 



'DBI 



£dbi S ( - D - p ~ 1 '>(x i - $ 4 (x a )) dx° A • • • A dx°-\ (6.7) 

M 



14 Precisely, ip$ here denotes the tensor structure of the pull-back as ip^,(E) a b = E a t + d a &' En + E a jdb& + 
da^db^ 3 Eij and it is defined not only on E but on whole M. 
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where £dbi is given in (|6.1D and J^^p -1 ) {x l — $ J (x a )) is a Dirac's delta function seen as a 
distribution along ^-directions. 

The infinitesimal transformation of the full diffeomorphism and the B-ficld gauge trans- 
formation are parametrized by e+A, and are studied in the previous section (also summarized 
in the appendix IA.5I) . The transformation of the integrand £dbi is obtained from that of 
det g 

Sdetg = ~e M d M detg + detg{-2d M e M } , (6.8) 

and that of det sj? 



5 det s T = -e M d M det + det a T {-2d c e c + 2d k e k - 4T c k d k e c } 



The result is 



SCubi = -e M d M £DBi - (d c e c + d c <S> k d k e c )C U Bi- 



(6.9) 



(6.10) 



Except for the first term, this depends only on e a , i.e., other parameters e l and Am are 
absent. This is the expected result since CvBidx A • • • A dx p is a section of det(A*) as we 
will explain in the next section. On the other hand, the delta function transforms as 



= - e M d M [S (D - p - 1) {x i - $')] - (d k e k - d k e c d c <S> k )5 {D - p - 1] {x l - $ l ). 



By combining them, we obtain 



£dbi S^-p-'Hx 1 ~ ^) 



-d 



M 



DBI 



(6.11) 



(6.12) 



Namely the transformation of the integrand in the DBI action (|6.7p is a total derivative 
and the DBI action is invariant under full target space diffeomorphisms and B-field gauge 
transformations. 

This invariance itself is in some sense trivial, because a generalized Riemannian structure 
g + B is also transformed. Since a shape of a leaf and a metric on a leaf is changed simulta- 
neously, its volume is unchanged. We stress that the non-trivial thing here is the invariance 
within the static gauge. 



6.2 Non-linear symmetry and effective action 

In this section, we analyze how much the non-linearly realized symmetry restricts the form 
of the effective action. 

We would like to find possible ingredients to build an effective action for a D-brane, that 
is made out of fields A + $ on the world volume, as well as a generalized metric g + B. 
Usually, an action is an integral over the world volume E, and its integrand is a scalar density 
under the diffeomorphism on the worldvolume. In our setting, where a reference generalized 
product structure is fixed (static gauge), such a worldvolume object is given by restricting a 
target space object to a leaf, as seen in the following. 

Recall that a scalar density in a target space M can be considered as a section of the 
determinant bundle det(T*M) over M associated with the cotangent bundle T*M . It is 
equivalently seen as top forms A top T*M. For example, a Riemanniai0 metric on TM, 
g : TM -> T*M (or equivalently a tensor g €T*M ®T*M) defines a volume form Jg := 
\J det gdx° A • • • A dx ^ 1 as a section of det(T*M). Note that det g denotes the determinant 

15 \J— dot g for a Lorentzian signature. 
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of a D x D matrix gMN ■ The volume form yjg transforms as a scalar density under Diff(M) 
by construction, and is invariant under the B-field gauge transformation. In fact, by acting 
a generalized Lie derivative — £ £ +a on y/g, we obtain a tensor transformation law for its 
coefficient as 

8^r g = d M (e M ^fet~g) (6.13) 

while the base dx° A • • • A dx ^ 1 is kept unchanged. This relation is used in (|6.8[) . Note that 
there is another choice of a section \f~E~ = \J det Edx° A • • • A dx ^ 1 € det (T*M) defined by 
a tensor E = g + B. It is also a scalar density but is not invariant under the B-field gauge 
transformation. 

Similarly, associated with Dirac structures L or Ljr, any tensor T g L* <E) L* defines a 
section of the determinant bundle det(L*) of the form \ff := V det Tdx° A ■ ■ ■ A dx p A <9 p +i A 
■ ■ • A dn-x- Note that detT is still a determinant of a D x £) matrix, but with the upper 
index for i and j: 



± ab -La 



(6.14) 



The examples of the sections of det(L*) can be constructed from the tensors that we have 
encountered in the previous section. They are \t, yfs, \fs — as~ 1 a, \ftj= and ^/s^ : . Their 
transformation law is deduced from the non-linear transformation law studied in §5. Note 
that possible elements in det(T*M) or det(i*) are not independent but related through 



det E = Vdetg ^/det^ - Bg~ 1 B), 



det t = V det s \J det(s — as J a), 



det tjr = Vdct s i/cietsjr, (6.15) 



which are easily shown (see appendix lA.6p and used in (|6.3p . It is interesting in its own right 
that the l.h.s. of ea. (|6.15[) is bulk (closed string) metric, while the r.h.s. is a product of open 
string metrics (see comments in §5). 

On the other hand, a scalar density in the worldvolume S is a section of det(T*E). Since £ 
is a leaf of a foliation A C TM (that is A|s = T£), we need an element of det (A*) as a scalar 
density on leaves. To this end, it is useful to decompose sections of det(T*M) or det(L*) into 
a product of two sub-determinants. More precisely, under the generalized product structure 
TM — L(B L* with L = A © Ann(A), T*M and L* are split as T*M = A* © Ann(A) and 
L* = A* © Ann* (A). Then one can write the corresponding determinant bundles as 

det(T*M) = det(A*) ® det(Ann(A)), 

det(L*) = det(A*)®det(Ann*(A)) =det(A*)©dct- 1 (Ann(A)). (6.16) 

The former corresponds to (the square root of) an identity on determinants 



det ab aj =det(A- B£>- 1 C) a6 det Aj, (6.17) 



A a b B aJ i 

valid for any D x D matrix with an invertible submatrix D 7 where the two determinants on 
the r.h.s. are that those for (p + 1) x (p + 1) and (D — 1 — p) x (D — 1 — p) submatrices, 
respectively. For the latter, indices i and j should be raised. We give two examples associated 
to the splittings of the determinant bundle in (|6.16l) : 



VdetE = a/ det t a b \J det E t j , 

Vdett = VdetS ab Vdct (6.18) 
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which is shown by virtue of the relation (|5.2j) . Note that = t ij . The identity (|6.4p is an 
analogue of these, and also used in [35] . 

As a consequence of (|6. 16[) . we have det(L*) — det(T*M) ®det~ 2 (Ami(A)). Correspond- 
ing to this relation of the determinant bundle, we can find relations between the determinants 
and among all there is an important identity 

Vdets = y/detg dett ij , (6.19) 

which we have used in the proof of the invariance of the DBI action in (|6.2p . proved in the 
appendix IA.6I Essentially the same identity appears in the context of T-duality in [3 6) . 

The most important decomposition relating to the invariant effective action is the follow- 
ing combination 

det(T*M) ® det(£*) = det 2 (A*) ® det(Ann(A)) ® det _1 (Ann(A)), (6.20) 

Using this type of combination of the determinants we can construct the object which trans- 
forms as det(A*) and consequently has a desired transformation property, being invariant 
under the worldvolume diffeomorphism, and a diffcomorphism transformation generated by 
e± = e l di cancels. Therefore, an integrand of the effective action on the worldvolume should 
belong to this bundle. Still there are many choices of sections on det(T*M) and det(L*). 
Any combinations of the one from (det g, det E) and the one from (det t, det tp, det s, det(s — 
as~ 1 a), det sp) are the candidate. We listed in the appendix IA.5I the transformation of all 
those determinants. 

Among possible tensors, it turns out that y/g £ det(T*M) and y / s^ : € det(L*), where sjr 
is given in (|5.6I) . are the correct tensors, that is, the last two factors in (I6.20[) are canceled 
with each other as we saw in the previous section. Another good candidate is to take det tjr 
instead of det s_f from the det(L*) but it is not invariant under the full diffcomorphism. 

6.3 Non-linear realized Poincare symmetry 

Here we fix a generalized Riemannian structure, g + B, as a background. In this case, only a 
generalized isometry, a subgroup of Diff(M) X Closed (-^0> ac ^ s as a symmetry. A generalized 
vector e + A e TM is called a generalized Killing vector if C e g — and C t B = dA (that 
is C t+ A{g + B) = 0) [32]. They generate a Lie algebra of the isometry grourQ In the 
case of dB = 0, the B-field gauge parameter A is not independent, and is determined as 
A = i e B + dX up to an arbitrary function A. The Lie algebra relation is then written as 
[L ei +i ci B, £e 2 +ic 2 B] = £[£i.£ 2 ]+i[ ei , 2 \B ■ As already stated, the term dA plays no role in the 
generalized Lie derivative. 

In order to reproduce the result of [12j , take the Lorentzian signature here and fix g + B 
to be the Minkowski metric g = r\ and 5 = 0, which is a vacuum for string theory. Then, 
its isometry group is the Poincare group ISO(l,D — 1). We parametrize an infinitesimal 
transformation as 

e = e M d M = ( P M + u M N x N )d M , (6.21) 

where p M is a translation and oj m n is a Lorentz transformation, satisfying lumn +<^nm = 0. 

In the presence of a generalized product structure, Diff(M) is broken to Fdiff(M, L) n 
Fdiff (M, L*). Correspondingly, a generalized vector (16.21)) satisfying the conditions d a e l = 

Generalized Lie derivatives satisfy in general [£ ei -|_A 1 ,£ e2 +A2] = £[ei+Ai,ea+A 3 ]- 
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= <9,e a is an unbroken isometry. It leads to uj a i — and thus ISO(l,D — 1) is broken to 
ISO(l,p) x ISO(D - 1 - p) of the form 

e={p a + u\x b )d a + (p l + u'jxtfc. (6.22) 

Furthermore, by fixing a leaf at x % — as a D-brane, (|6.21[) should satisfy e^a; 1 = 0) = 0. 
These conditions kill translations p l and we are left with the unbroken group ISO(l,p) x 
SO(D — 1 — p), generated by 

e = (p a + io a b x b )d a + (jjrfdt. (6.23) 

As we have seen, a tensor with respect to the Dirac structure L transforms inhomoge- 
neously under of Diff(M) X Closed C^O- This is still true for the Poincare subgroup. This 
is precisely the non-linearly realized Poincare symmetry. In fact, by substituting (|6.21[) in 
(|4.7p . we reproduce the result of |12j . In particular the broken symmetry given by uj a i and 
p % is non-linearly realized. 

Finally, we comment on the B-field gauge transformation. One may also fix only g but 
take B as a dynamical field. Note that on a subbundlc C+, a B-field gauge transformation 
is also seen as a shift of B, that is, B —> B + dA. This is why it is usually called a gauge 
transformation for B. If, moreover, the L-preserving condition c*[ a A h ] = is satisfied, then 
the components of B along a leaf is invariant B a \, — > B ab . This is usually said that ll B a t 
cannot be gauged away." It is the spontaneous symmetry breaking of the B-field gauge 
transformation given by A a . To restore the broken A Q transformation, we need to add a 
gauge field A a , which transforms according to (|4.7[) . 

7 Conclusion and Discussion 

In this paper, we describe a D-brane in the framework of generalized geometry by choosing 
the static gauge and clarify the structure of the symmetry and its breaking. By introducing 
a generalized product structure to formulate the static gauge in this framework, scalar fields 
and a gauge field A a are unified into a single object $ + A. This object can be regarded 
either as a diffeomorphism and B-ficld gauge transformation parameter, or as a generalized 
connection. 

We have shown that both scalar fields and gauge field have a shift term in their transfor- 
mation law, from which we conclude that they are NG-bosons for broken translational and 
B-field gauge transformation, respectively. We also found that the U(l) gauge symmetry 
appears as a trivial part of the B-field gauge symmetry. It is plausible that the same con- 
clusion can be justified in the language of field theory. There is already such an analysis of 
the fluctuations around classical solutions in supergravity theory [37] . That a gauge field is 
simultaneously a NG-boson is also known as the Stiickelberg mechanism, and in fact, there 
are discussions of spontaneously broken symmetry in the field theory of a 3-form H-ficld 
coupled with a U(l) gauge field given in the refs. [35J EH1 HOj- Since they discuss in the 
different setting, the relation to our result still has to be clarified. 

We have focused on the DBI action in this paper, and shown its invariance under the full 
spacetime symmetry and also discussed that these symmetries give some restrictions on the 
combination of the determinant of possible metrics. The DBI action is used as a starting 
point to study BPS condition for a D-brane in a generalized calibration in [4"Tl |4"21 14"51 l4"4l I45j . 
where the DBI action comes form string theory calculation. Our discussion here supports 
this assumption within the generalized geometry. 
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Note that the non-linearly realized symmetry can determine the functional form for $ + A 
and g + B only. To determine the overall factor T p (tension), the dilaton factor and 
the factor 2ira' in front of F, other inputs are needed. In some papers 32, [46] a 0(D,D) 
invariant dilaton d is introduced by 

where (f> is an ordinary physical dilaton field which appears in string theory, and which 
transforms under the T-duality as <j> — > cj)—\ lndet 25y [31)]. The new dilaton e~ 2d also serves 
as volume element in the target space [46]. Thus, if we introduce the new dilaton instead of 
det 3 <7, then the correct dilaton term can also be recovered. Because our argument does 
not take into account T-dualities, we cannot distinguish these two possibilities at this stage. 
But in the Ramond-Ramond coupling to D-branes, the dilaton <j> is naturally defined as a 
part of an 0(D,D) spinor (32) . 

We expect that our result on the non-linear transformations leads to some constraints 
which can determine possible higher derivative corrections to the DBI action, and also can 
be used to analyze the Chern-Simon term describing the RR-coupling. The study on the 
RR-coupling in the context of generalized geometry is initiated by |17j . The non-abelian 
extension of the present formulation, corresponding to the system with multiple D-branes, 
is also an important open problem. It must be a non-abelian version of the DBI action, 
however, there is no well-established effective action known. 

To write the DBI action, we used various identities on determinants. A similar kind of 
fractional determinants is found in [?7] H5] in the context of M-theory branes, where the 
technique developed for the noncommutativity and Seiberg-Witten map was essential. It is 
interesting whether our description of D-branes in terms of generalized geometry would have 
some relation to the noncommutative geometry. 

Although this paper is restricted to the local description, its global version can also be 
considered, where the global existence of foliated structures will play an important role. The 
classification problem of possible D-branes for a given target space in the context of the gen- 
eralized geometry is an interesting subject as well. In the presence of a generalized complex 
structure, stable branes, called generalized complex branes, have been studied by several 
authors initiated by [221 HZ] • It should also be compared with the known characterization 
of multiple D-branes by means of K- homology [50] . which does not rely on the complex 
structure. 

Acknowledgement 

Authors would like to thank P. Bouwknegt, V. Mathai, P. Schupp, D. Baraglia, N. Ikeda, 
M. Sato, P. Kao and F. Lizzi for fruitful discussions during their stay at Tohoku University. 
S. S. benefited from discussion with K. Lee during the Asian Winter school, and S. W. would 
like to thank B. Jurco and R. Szabo for valuable discussions and comments. We would 
also like to thank the members of the particle theory and cosmology group, in particular 
U. Carow-Watamura for helpful comments and discussions. This work of T. A. and S. S. is 
supported by the GCOE program "Weaving Science Web beyond Particle-Matter Hierarchy" 
at Tohoku University. 



23 



A Appendix 



A.l Condition for the Dirac structure 

Here, we derive the condition that the graph Ljr = L + F(L) is a Dirac structure. As stated 
in £13-31 this condition was already given in [26 and we reproduce it here using the local 
coordinate. 

Recall that the sections of the subbundle Ljr = L + J-(L) have the form 

V = v a (x)(d a + d a ^{x)8 l + F ab (x)dx b ) + Ux)(dx l - d a ^ i {x)dx i ) 

= e F {v a (x)d a +£, l (x)dy l ), (A.l) 

where we allow components v a and as well as $ l and A a to depend on both coordinates 
x a and x l . In the second line, we used the notation introduced in section 2. Since Ljr is 
maximally isotropic (almost Dirac structure), it is sufficient to require the Dorfman bracket 
to be involutive in order to be a Dirac structure. 

First, we examine the Lie-involutive condition. Namely, if Ljr is involutive, then under 
the anchor map its image p : Ljr — > TM should also be involutive with respect to the Lie 
bracket of TM. For tangent vectors of the form 

p(V) = v a (x)(d a + d a ^ l {x)d l ) = v a (x)d a , (A.2) 

the Lie bracket in TM is given by 

\p{Vlp{V')] = [v a ~d a ,v'%] 

= (v a d a v'» - v' a d a v b )d b + v a v' b [d a , d b }. 

Since [d a , db] = (d a & djd b $ l — d b & djdaQ^di is not proportional to d a , the last term should 
vanish in order for p(L) to be closed under the Lie bracket. Therefore, the condition is 

d l (d b ^)=Q, (A A) 

i.e. the field d a <& 1 is independent of x l . 

Keeping this in mind, we examine the Dorfman-involutive condition. The Dorfman 
bracket between generalized tangent vectors of the form (jA.ip is given by 

[V, V] = [e F (v a B a + idy% e F (v' b B b + g,dyl)] 

= e F [v a d a + idy\v' b d b + ejdy j ] - i v agJ v , b§b dF (A.5) 
= e F [v a d a ,v ,b B b \+/: va§a e j dy j - i^dfcdy') - W 

where we used the Courant automorphism for a B-transformation given by e F . The first 
term lies in Ljr, since [d a ,d b ] = as is shown above. Since L va g dy l = and d(dy l ) = 0, the 
second and the third term are written as 

C^g^'jdy 3 - i^gd^dy 1 ) = i^digjdy 1 ) - i v , b g b d{^dy l ) 

= v a 8 a e j dyi -v^dbtidy 1 , ' U ' ! 

which is also an element in Ljr. By using the fact that the exterior derivative of an arbitrary 
form lu is 

du = dx a d a uj + dx l d i u> = dx a d a co + dy l diU , (A. 7) 
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the last term in (|A.5[) can be written as 

- L v«5 a L v>d b dF = ~^d a L v^oA F ^ dxC A dxd A dx£ - v a v' b d l F ab dy\ (A.8) 

Although the second term lies in L_f, the first term does not. Requiring the first term to 
vanish for arbitrary v a and v' b , we obtain the following condition: 

B a F bc + d b F ca + d c F ab = 0. (A.9) 

The two equations (|A.4[) and (|A.9[) are the conditions to guarantee that Ljr is a Dirac 
structure. 

A. 2 Derivation of the non-linear transformation law 

Let T £ L* ® L* be a tensor and define its graph by Lt = L + T(L). Consider an action of 
a generalized Lie derivative £ c+ a(V + T(V)) on a section V + T(V) £ Lt with V £ L. The 
first term, C € +aV is already evaluated in (|4.3I) . For the tensor T with the form 



T = T ab {x)dx a ® dx b + Tj(x)dx a <g> dj + T\(xi)di ® d x b + T ij (x)di ® d h (A.10) 

the generalized Lie derivative acts on a tensor, like in the ordinary case, as 

C e+A (T ab dx a ® cfe b ) = e M d M T ab dx a ® dx b + d M ( c T cb dx M ® dx b 
+ T ac d N e c dx a ®dx N , 
C+AiTjdx 11 ® fll,-) = e M d M T a j dx a ® ^ + d M e c T c 3 dx M ® ^ 

- T a k d k e M dx a <g> 9 M - l^A^ds ® ds", ^ 
C. e+K {T\di (» da: b ) = e M d M T i b d i ® dx b - d k e M T k b d M ® dz b 

+ T\d N e c di ® dar* - d [k k M] T k b dx M <g> cfe b , 
C e+ K{T ij di ® d 3 ) = e M d M T ij di ® 9, - d k e M T kj d M <8 - T lk d k e N d t ® d N 

- d [k k M] T kj dx M ® fl,- - T ik d [k A N] di ® dar* 

By using these relations, £ £ +a(V + T(V)) can be written in the form of (|4.4[) . or more 
explicitly, by splitting <5V into the vector and 1-form as <$V = <5t> + <5£ 



£ £+A (V + T(V)) = (-<fe a )(5 a + + T afcf fe b ) + (-<5&)(^ + ndz 6 + T^-) 

Here the first line is the part of the graph of the <5V in the form of <5F + T(5V), with 

= -e M a M u a + w b a 6 e a + w b T b fc a fc e a + ^ k d k e a , 
5b = -e M d M ti - Zkdie k + v b d [b A t] - t> b T fcc a,e c + v'T^d^ (A.13) 
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The second line in (|A.12p defines the non-linear transformation law for the tensor T, where 

5T ab = -e M d M T ab - T ac d b e c - 8 a e c T cb + d [k A a] T% + T a k d [k A b] 

- T a k d k e c T cb + T ac d k e c T\ - T a fe %A ;] T z b + d [a A b ] , (A.14a) 
6T J = -e M d M Tj - d a e c T c J + T k d k e= + d [k A a] T k ^ 

- T a k d k e c T c i + T ac d k e c T k J - T a k d lk A t] T^ + d a e\ (A.14b) 
5T\ = -e M d M T\ + d k e l T\ - T\d b e c + T lk d [k A b] 

- T k d k e c T cb + T\d k e c T% - r fc 9 [fc A ;] T' b - d b e\ (A.14c) 
§T ij = _ e Mg MT ij + g k€ i T kj + r ^ h ,. 

- T ik d k t c T c ] + T l c d k e c T k i - T^d^A^ . (A.14d) 



A. 3 Generalized metric as various graphs 

Here we derive the formula Q5.2p . which relates two different tensors describing a same 
generalized Riemannian structure. A generalized vector held V+ in the positive-dehnite 
subbundle C + is written either by using v m 8m & TM, 

V+=v M (d M + E MN dx N ) eC+, (A.15) 

as a graph of E = g + B : TM — > T*M, or is written by using w a d a + &dx l e L. 

V+=w a (d a +tJd j +t ab dx b )+Ci(dx i + t i b dx b + t ij d j ) eC+, (A.16) 

as a graph of t : L — > L*. By comparing (|A.15|) and (|A.16|1 . we obtain the following relations 

w a = v a , (A.17) 

w a tj + & ij = v j , (A. 18) 

w a t ab + &\ = v M E Mb , (A.19) 

£ j =v M E Mj , (A.20) 

where we have used the independence of the basis {d a , di, dx a , dx 1 }. Substituting eqs. (|A. 1 7|) 
and (|A.20jl into ccis. (|A.18j) and (|A.19|1 . the above relations lead to 

v a (tj + E ak t k i) + v\E lk t k i - 5>) = 0, 
v a (t ab + E ak t\ - E ab ) + v l {E lk t\ - E lb ) = 0. 

Since these equations must hold for arbitrary v a and v l , we obtain the condition for the 
tensor t € L* ® L* as : 

f j =E ij , t a j = -E ak E kj , 

u (A22) 

4-1 TP l k TP + TP TP Tpkl TP 

1 b — & ^kb, tab — J^ab — &ak& &lbi 

where E^ is the inverse of Eij satisfying E^ Ej k = 5 k , existence of which is guaranteed by 
the positive definiteness of C+. These are the equations given in (|5.2|) . 
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A. 4 Consistency between linear and non-linear transformation laws 

We show here the consistency,!. e., the commutativity of the diagram (|5.9[) stated in £15.21 To 
this end, we take the "right-down" route E — > E + 5E — > t + St, and then compare with 
(|5.8[) . which coincides with the "down-right" route. 

The action of a generalized Lie derivative — £ c +a on the tensor E = g + B is 

SEmn = —£ L 9lEmn — 9m^ L Eln — Eml9n£ L + d[ M A N ^. (A. 23) 

This defines E + SE. We also need the action on the inverse E 1 ^: 

6E ij = -E ik 5E kl E l J = E lk (e L d L E kl + d k e L E Ll + E kL d t e L - d^A^E 1 * , (A.24) 

which is derived from 5{E lk E k i) = SE ik E k i + E lk 8E k i = 0. 

Substituting E + SE to the relations (|5.2I) . we obtain t + St, where 

Stab — SE ao — SE ak E kl En, — E ak 8E kl En, — E ak E kl SEi b 
= -e L d L E ab - d a e L E Lb - E aL d b e L + d [a A b] 

- {-e L d L E ak - 8 a e L E Lk - E aL d k e L + d [a A k] )E kl E lb 

- E al E lk {e L d L E kl + d k e L E Ll + E kL d ie L - d [k A l} )E»E jb 

- E ak E kl (-e L d L E lb - dte L E Lb - E lL d b e L + d [t A b] ) 
= -e M d M tab - t ac d b e c - d a e c t cb + d [k A a] t\ + t k d [k A b] 

- t k d k e c t cb + t ac d k e c t k b - t k d [k Ai]t\ + d [a A b] , 
St J = -SE ak E k i - E ak SE k > 

= -(-e L d L E ak - 8 a e L E Lk - E aL 8 k e L + d [a A k] )E k ^ 

- E ai E ik (e L d L E kl + d k e L E Ll + E kL d t e L - 9 [fe Aq)£ y 
= -e M d M tJ - d a e%i + t k d k ^ + d [k A a] t k * 

~ t a k d k e% j + t ac d k e c t k i - t k d [k A t] ^ + 8 a e\ 
8t\ = 8E lk E kb + E lk 8E kb 

= E ik {e L d L E kl + d k e L E Ll + E kL die L - d [k A t] )E^ : E jb 

+ E lk {-e L d L E kb - d k e L E Lb - E kL d b e L + d [k A b] ) 
= -e M d M t\ + d k eH\ - t\d b e c + t ik d [k A b] 

- f k d k e c t cb + t\d k e c t\ - t lk d [k A t] t l b - d b e\ 

= SE* = E ik (e L d L E kl + d k e L E Ll + E kL d t e L - d [k A t] )E 1 ^ 
= -e M d M t ij + d k eH kj + t ik d k e j 

- t ik d k d c tj + f c d k e c t kj - f' ih A; l lj . 

These transformation rules agree with (|5.8I) . 

A. 5 Non-linear transformation laws for various determinants 

We here summarize non-linear transformation laws for various determinants, used in this 
paper. For this end, we need the transformation law for the symmetric/anti-symmetric part 
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of the tensor t = s + a, given by 

Ss ab = ~e M d M s a b - s ac d h e c - d a e c s cb + d [k A a] s k b + s a k d[ k A b] 

- s k d k e c a cb - a a k d k e c s cb + s ac d k e c a\ + a ac d k e c s\ (A.25a) 
-s k d [k A l]a l b -a k d [k A l]S l b , 

5s j = -e M 3 M ^ - d a e c sj + s k d k ^ + d [k A a] s k > 

- s k d k e c a L i - a a k d k e c s L i + s ac d k e c a kj + a ac d k e c s kj (A.25b) 
-s k d [k A l]a l 3 -a k d [k A l]S l \ 

5s\ = -e M d M s\ + d k e l s\ - s\d b e c + s lk d [k A b] 

- s ik d k e c a cb - a lk d k e c s cb + s\d k e c a\ + a\d k e c s\ (A.25c) 

-s ik d [k A l] a\-a ik d [k A l] s l b , 
§s ij = - e Mg MS ij + g k6 i s kj + s ik dk€ j 

- s ik d k e c aj - a ik d k e c sj + s\d k e c a kj + a\d k e c s kj (A.25d) 

- s ik d [k A l]a ^ - a ik d [k A l]S l \ 

and 

5a ab = -e M d M a a b - a ac d b e c - d a e c a cb + d[ k A a] a k b + a k d[ k A b] 

- s k d k e c s cb - a k d k e c a cb + s ac d k e c s k b + a ac d k e c a\ (A.26a) 

- s k d [k A l]S \ - a k d [k A l]a \ + d [a A b] , 

5a J = -e M d M aJ - 5 a e c a c J + a k 8 k e j + d [k A a] a kj 

- s k d k e c Sc i - a k d k e c a c j + s ac d k e c s k i + a ac d k e c a k ^ (A.26b) 

- s k d [k A l]S l 3 - a k d [k Aqa lj + d a t\ 

5a\ = -e M d M a\ + d k e l a\ - a\d b e c + a lk 8 [k A b] 

- s lk d k e c s cb - a ik d k e c a cb + s\d k e c s\ + a\d k e c a k b (A.26c) 

- s lk d [k A l]S \ - a ik d [k A l]a l b - 8 b e\ 
5a 13 = -e M d M a ij + d k t l a k ^ + a lk d k <J 

- s lk d k t c s c 3 - a ik d k e c a c j + s\d k e c S ^ + a l c d k e c a k] (A.26d) 
-s lk d [k A l]S ^ -a lk d [k A l]a l K 

The non-linear transformation laws for various determinants are summarized as 

<5det.g = -e M d M det g + dct.g {-2d M e M } , (A.27a) 

<5dets = -e M d M dets + dcts{-2d c e c + 2d k e k -4a k d k e c -4a kl diA k } , (A.27b) 

Sdetsjr = -e M d M det sjr + det sjr {-2d c e c + 2d k e k -4T k d k e c ) , (A.27c) 
6dett= -e M d M det t + dctt [-2d c e c + 2d k e k - 2a k d k e c - 2a kl diA k ] 

+ dett [(t-^d^Ab] + (t-^fdae* - (t- 1 ) b i d b ^] , (A.27d) 

5 det t ij = -e M d M det t ij + det t tf [2d k e k - 2a k d k e c - 2a kl diA k ] , (A.27e) 

5 det tjr = -e M d M det t T + det t T [-2d c e c + 2d k e k - 2{a k + T k )d k e c - 2a H diA k ] . 

(A.27f) 
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A. 6 Identities on determinants 

Here we prove 3 identities on determinants given in (16.21) , (I6.3|) and (|6.4I) in £16.11 and also 
used in £16.21 First we show the relation (16.21) . We rewrite (|5.2p as a matrix and decompose 
it into two matrices as 



t = 



TP TP Tphl TP TP Tpki 

&ab — &ak& mb ~^ak^ J 

E lk E kh /'."' 

Sac E ak \ _1 (E ch \ (A.28) 
Eik J \Ekt 5k j J 

dcf. _i 

= m ■ n, 

where we defined two D x D matrices n and m. Then the matrix s, the symmetric part of 
t, can also be written as 

s = - (t + t T ) = - (m~ 1 n + n T mr 1T \ 



2 

1 m- 1 -(nm T + mn T )-m- 1T ( A ' 29 ) 



2 

-1 -IT 

= m ■ g ■ m 

By taking the determinant of (|A.29[) . we have 

det s = (det m)~ 2 det g = (det f J ') 2 det g. (A.30) 

Next, we show (|6.3J) . Let us decompose a matrix t = s+a into symmetric/anti-symmetric 
parts. If the existence of s _1 is assumed, one can show 

det* = (det(s + a) det(s + a))* 

= (dot s(l + s _1 a) det(l + as _1 ).s) 5 

= det s (det(l + s _1 a)(l - s _1 a)) * 

i 

= det s (det(l - s^as -1 ^)) 2 

j_ 

= det s (det s~ 1 (s — as _1 a)) 2 

= det^sdet^(s - as _1 a). (A.31) 

Applying this relation to tjr 1 we obtain (|6.3[) . 

Finally, by using the formula (|6.17l) . we find the relation (|6.4[) as follows: 



det ijF = dot 



E a b — E a kE kl Ei — F a b —E a kE k J — d a & 
E lk E kb + d b ¥ E ij 

det (E ab + da$ k E kb + E ak d b $ k + d a $> l E l3 d b & - F ab ) det (A ' 32) 

= dett y det(^( 5 + B)-F) Qb . 
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